Abstract. The parameters used to describe the electrical conductivity of a porous material can be used to describe also its thermal conductivity. A new relationship is developed to connect the thermal conductivity of an unsaturated porous material to the thermal conductivity of the different phases of the composite, and two electrical parameters called the first and second Archie's exponents. A good agreement is obtained between the new model and thermal conductivity measurements performed using packs of glass beads and core samples of the Callovo-Oxfordian clay-rocks at different saturations of the water phase. We showed that the three model parameters optimised to fit the new model against experimental data (namely the thermal conductivity of the solid phase and the two Archie's exponents) are consistent with independent estimates. We also observed that the anisotropy of the effective thermal conductivity of the Callovo-Oxfordian clay-rock was mainly due to the anisotropy of the thermal conductivity of the solid phase.
Introduction
The modelling of the thermal conductivity of unsaturated clay-rich materials has applications to the characterization of the thermal anomalies associated with ground water flow in hydrothermal systems (Jardani and Revil, 2009) , climate change (Kooi, 2008) , and to study the transport properties of deep argillaceous formations under investigation to potentially host nuclear wastes just to cite few applications. In the context of the storage of nuclear waste in deep clay-rock formations, the French Agency for Nuclear Waste Management (ANDRA) has built an underground laboratory in the Callovo-Oxfordian (COx) clay-rock Correspondence to: A. Revil (arevil@mines.edu) formation of the eastern part of the Paris Basin. This laboratory is located at a depth of approximately 500 m. This COx formation seems to provide good characteristics for the HighLevel and Long-Lived (HLLL) nuclear waste disposal (insulation of the radionuclides and toxic chemicals, see ANDRA, 2005a) . After the disposal closure, these wastes are expected to produce heat and gases during several decades. The formation temperature increase is expected to be less than 90 • C (ANDRA, 2005b) . The thermal conductivity is therefore a key parameter to assess the performance of the storage facility. The presence of gases (produce by the wastes) or air (due to the gallery ventilation) in the COx formation is also expected to influence the thermal conductivity. Therefore, the understanding of the thermal conductivity behaviour in these two-fluid phase conditions is a very important goal to model the behaviour of such a facility.
Since thermal conductivity is difficult to measure, the present work investigates a relationship between the thermal conductivity to the more easily measured electrical conductivity. The stated aim will be to develop a non-intrusive measurement technique of the electrical conductivity from which the thermal conductivity can then be derived.
Proposed model
The thermal conductivity is defined by the classical Fourier's law
where Q (in W m −2 ) represents the heat flux, λ is the thermal conductivity (in W m −1 K −1 ), and T , the temperature (in K). Using an analogy between electrical conductivity and thermal conductivity, Revil (2000) proposed a differential effective medium approach to evaluate the effective thermal conductivity of a "fluid plus solid" mixture. He applied the Bruggeman-Hanai-Sen approach (Sen et al., 1981) to the Published by Copernicus Publications on behalf of the European Geosciences Union.
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D. Jougnot and A. Revil: Thermal conductivity of unsaturated clay-rocks thermal conduction problem. This approach yields for the following formula for the thermal conductivity
where φ is the porosity, λ S and λ f are the thermal conductivities of the solid and fluid phases, respectively. Note that this formula needs to be solved iteratively for λ. The exponent m is the Archie's first exponent (also called the cementation exponent in the description of electrical conductivity of porous rocks). It ranges typically between 1.3 (for unconsolidated sands) to 2.0 (for consolidated rocks) (see Archie, 1942; Lesmes and Fiedman, 2005) . The exponent m is defined by the first Archie law F = φ −m where F is the electrical formation factor (e.g., Archie, 1942; Lesmes and Friedman, 2005) . The electrical formation factor is also defined as the ratio between the tortuosity of the pore space α to the connected porosity: F = α/φ . The parameter F or the exponent m are fundamental textural properties of the porous medium.
The main difference between the thermal and the electrical problem is ratio between solid and fluid conductivities. Indeed, contrary to the electrical conductivities, the thermal conductivity of the solid phase λ S is higher than the thermal conductivity of the fluid phase λ f . This yields to:
Considering Eq. (3), Revil (2000) defined a thermal formation factor given by:
in analogy to the electrical formation factor F . The two formation factors are related to each other by f = F 1/(m−1) (Revil, 2000) . Revil (2000) developed the following closed-form relationship as solution of Eq. (2):
Note that if the medium is anisotropic, f and λ S are second order (symmetric) tensors. In unsaturated conditions, two fluids (brine, subscript w, and air, subscript a) are present in the pore space of the medium. Following Linde et al. (2006) and Revil et al. (2007) for the conductivity and dielectric constants modelling of unsaturated sandstones, we can relate the thermal conductivity of the fluid phase to the saturations of the brine s w and to the saturation of air (1−s w ) by using a generalized second Archie law:
where λ w and λ a are the thermal conductivities of the brine and air, respectively, n is the second Archie exponent (n≈2.0±0.5, Archie, 1942) . This exponent describes the evolution of the water phase tortuosity α w (≥α) with the saturation s w . Equation (6) appears as a "generalized" Archie's law using the thermal conductivities of the two fluid phases and their relative volumetric fractions. Typically, λ a =0.0255 W K −1 m −1 and λ w =0.5984 W K −1 m −1 (Clauser and Huenges, 1995) . In the case of the electrical conductivity, the conductivity of air is zero. The first Archie exponent m and the electrical formation factor F = φ −m are fundamental textural properties of the medium. Therefore, they should not be dependent upon the saturation of the water phase (e.g., Yaramanci et al., 2002; Kruschwitz and Yaramanci, 2004; Linde et al., 2006) . Combining Eqs. (6) and (3) into Eq. (5) provides a new model describing the thermal conductivity as a function of the thermal conductivity of the different phases, and two electrical parameters.
Application to glass beads
In the previous section we developed a model to determine the effective thermal conductivity of partially saturated media from electrical properties (Eqs. 3 to 6). In order to test the validity of this model, we compared its predictions to experimental data from the literature. In our approach, the model parameters were optimised according to measurements using the Simplex algorithm. The cost function to minimize was the sum of square residuals (SS R ) between the N experimentally observed data y i and the N corresponding calculated one y i :
We used a normalised sum of square residuals R N = SS R /N to compare experiments with different numbers of measurements. The data from Kohout et al. (2004) were obtained using a pack of glass beads. The mean diameter of the beads is d=200 µm and the porosity is φ=0.39. The thermal conductivities of the glass beads, the water phase, and the air phase are λ S =0.80 W K −1 m −1 , λ w =0.61 W K −1 m −1 , and λ a =0.02 W K −1 m −1 , respectively (from Kohout el al., 2004) . Therefore, only two parameters had to be optimized for the model-data comparison: m and n, the two Archie's exponents. Figure 1 shows that our model is able to describe fairly well the behaviour of the thermal conductivity with respect to the saturation of the water phase. The best fit was obtained with m=1.7±0.1 and n=1.5±0.1, which yields R N =4.4×10 −3 (Fig. 1) . The value of m agrees with the values of m=1.7 determined numerically by Schwartz and Kimminau (1987) and usually the value of n is relatively close to the value of m. These results seem to validate our model to determine unsaturated thermal conductivity from electrical measurements in unconsolidated porous medium. (Gaucher et al., 2004) b Calculated from the gravimetric water content with ρ w =1000 kg m −3 and ρ g =2690 kg m 
Application to a clay-rock
We compare now our model to the clay-rocks effective thermal conductivities measured at various relative water saturations in the range 0 (dry) to 1 (saturated) by Homand (1998) . The core samples used for these measurements were collected at Bure (Meuse/Haute-Marne, France) in the CallovoOxfordian (COx) formation at a depth interval ranging from 450 to 525 m. This formation is presently investigated by ANDRA to be a potential host for high-level long-lived nuclear waste because of their low permeability (∼10 −20 m 2 ) and high specific surface area (ANDRA, 2005a). The COx formation has been the target of numerous scientific investigations for the last two decades and an underground research laboratory has recently been built by ANDRA to have a direct access to the formation and to conduct in situ experimentation.
The COx clay-rocks can be conceptualized by a clay matrix (illite and interstratified illite/smectite) with grain inclusions (meanly quartz and carbonates). The different geological units to describing the COx formation are the C2d, C2c, C2b, and C2a units (Gaucher et al., 2004) . The following limits are from Gaucher et al. (2004) for the EST205 borehole but the mineralogical variations are progressive. The upper part of the formation (unit C2d, roughly from 417 to 437 m deep at the position of the underground laboratory) is composed of interbedded black bioturbated clay-rock and slightly bioturbated calcareous clay-rock. This unit presents important lateral variation in the mineralogical composition. The carbonate fraction varies between 80 and 40% while the clay fraction does from 15 to 45%. Below 437 m the COx becomes more homogeneous with a clay fraction of 40-50%, 20-35% of carbonates, and 25-35% of silica (units C2c and C2b). The C2c unit is composed of interbedded black silty-calcareous clay-rock and black marl. The C2b unit is usually decomposed in two subunits: C2b2, black siltycalcareous clay-rock (456-472 m), and C2b1, black bioclastic and pyritic silty-calcareous clay-rock (472-508 m). The C2b1 unit contains the Maximum Clay Zone (MCZ) between 486 and 489 m (the clay fraction peak reaches approximatively 60%). The main galleries of the underground laboratory were built at a depth of approximately 490 m, just below the MCZ. The C2a unit is located below approximately 508 m and is composed by a silty clay-rock. Note that from the MCZ to the bottom of the COx, the clay fraction contains kaolinite. Table 1 presents the vertical limit of these units in the EST205 borehole (above the laboratory and few tens meters from EST104) and the mean measured porosities and standard deviations for each units.
ANDRA (2005a) studied the total porosity distribution in the C2b unit and propose conceptual model for the pore diameter distribution relatively to the volume (Fig. 2) . Three scales of porosity are proposed: (i) a microporosity with a pore diameter <2 nm, (ii) a mesoporosity with a pore diameter comprised between 2 and 50 nm, and (iii) a macroporosity with a pore diameter >50 nm. From these studies, AN-DRA (2005a) notice that a part of the porosity is filled with bound water: fraction of the mesoporosity and all the microporosity (corresponding to a pore scale <10 nm). AN-DRA (2005a) considers a total porosity reference φ T =0.18 in the C2b unit and a bound water porosity φ B =0.07 (therefore φ B = 0.39φ T ) (see Fig. 2 ).
These vertical variations in the mineralogical composition and porosities impact the transport properties of the clayrocks. Therefore the different units were tested by ANDRA to assess their transport properties. Homand (1998) used seven clay-rocks core samples extracted from the EST104 borehole at different depths between 450 and 525 m (in units C2c, C2b2, C2b1, and C2a). The collected core samples were re-sampled in three orientations relatively to the stratification: parallel, perpendicular and with a 45 • angle (21 samples: 3 samples per cell). The final samples used for the measurements were small cylinders with a 36.8 mm diameter, a 10.5 mm length and a 28±1 g mean mass. For each sample, mineralogy, density and porosity were determined using the left-other from re-sampling. Different methods were used to probe the porosity of these core samples and provide complementary information to each other. Homand (1998) used two methods: Mercury intrusion experiments (Washburn, 1921) and porosity determination by the triple weight measurements. From ANDRA (2005a), we know that mercury intrusion is unable to investigate pore size below 4 nm and therefore provides only a lower bound for the total porosity. In contrast, calculations based on volumetric weights with a pycnometer provide an upper bound on the total porosity. We have decided to use below this calculated porosity because it is likely to be close to the real porosity.
The thermal conductivities of the samples were measured by Homand (1998) using a commercial flash diffusivimeter built by CEDIP (under an INSA Lyon license). A heat flash (600 to 1000 J during 1 to 10 ms) is created on one side of the sample and the temperature variation is measured on the other side (Fig. 3) . The evolution of the temperature difference between the sensor and the isothermal bloc gave the thermal diffusivity. Then, Homand (1998) measured the specific heat of the sample using a calorimeter. The thermal conductivity was obtained from the value of the thermal diffusivity and the specific heat of each core sample. This procedure was applied to each core sample at different water saturations.
The measurements were performed during a resaturation process. First, each sample was dried in a 105 • C oven during 48 h to measure the dry mass. Then, they were placed in a dessicator (confined atmosphere) with a controlled relative humidity in order to manage the re-saturation. This relative humidity was controlled using saline solutions in equilibrium with the dessicator confined atmosphere. Six solutions were used to fix relative humidity (from 66 to 98%) and then to re-saturate the samples following six steps in saturation. After trial and error tests, Homand (1998) . CEDIP device to measure the thermal diffusivity of clayrock samples (Homand, 1998) .
the dessicator during three weeks for each saturation step to reach an equilibrium between the fixed relative humidity of the atmosphere and the sample. In order to test our model against the measurements performed by Homand (1998) , we optimized three model parameters per sample: m, n, and λ S . The solid phase being composed by several minerals with different thermal conductivities, the equivalent grain thermal conductivity is unknown. It can be computed from classical mixing law or homogenization (see Gruescu et al., 2007; Giraud et al., 2007) . In the present work, we choose to optimize directly λ S to limit the uncertainties due to additional computations. The thermal formation factor, f , is computed from Eq. (4) using porosities calculated by Homand (1998) from triple weight measurements. The values of the water conductivities of air and water were taken from Clauser and Huenges (1995) (see above in Sect. 2). The optimization was performed Table 2 . Table 2 . Optimized parameters for seven COx clay-rock samples (porosity corresponding to the calculated porosity from Homand, 1998) . Homand (1998) showed, as expected, a decrease of the thermal conductivities with desaturation. Note that there is no intermediate saturations investigated in the range 0 < s w <0.4 and that this range corresponds to the bound water porosity φ B . This bound water porosity is the fraction of the total connected porosity occupied by the hydration water of the mineral surface. Homand (1998) demonstrated the anisotropic character of the thermal conductivity of the COx clay-rock by performing measurements along the axes relative to the stratification (parallel, perpendicular, and at 45 • ). We first discuss below the measurements parallel to the stratification.
The prior value of m was provided by Revil et al. (2005) and is equal to m=1.95±0.04 for undisturbed water-saturated COx clay-rock. Leroy and Revil (2009) found m=2.2 for the Mancos shale (an early cretaceous carbonaceous clay rock from eastern Utah). Using tracer diffusion experiments, Jougnot et al. (2009) found m=2.0 for the COx clay-rocks in saturated conditions. If the clay material contains microcracks because of desiccation at high temperatures, the value of m is expected to be much lower than 2.0, typically in the range 1.3-1.5.
The values of the optimized model parameters were reported in Table 2 . The overall fit to the experimental data were excellent. Indeed the mean of R N for the 7 samples is 3.1×10 −3 (see Fig. 4 ). The range of the optimized parameters is very narrow (Table 1) : m ∈(1.37; 1.54), n ∈(1.99; 2.16), and λ S ∈(2.08; 3.04) W K −1 m −1 . We note that the values of m are quite low in regards to the value reported by the works on saturated undisturbed clay-rocks D. Jougnot and A. Revil: Thermal conductivity of unsaturated clay-rocks (see above). However, these values are similar to the ones obtained by Kruschwitz and Yaramancy (2004) using spectral induced polarization measurements on a similar clayrock with microcracks. They performed these electrical measurements on Opalinus clay (from Mont Terry, Switzerland) at different saturations degree after a prior drying (40 • C until the weight stabilization) and complete rewetting (Kruschwitz, 2009 ). They obtained 1.3< m <1.5 and 1.5< n <2.0, by fitting an Archie's law (Schopper, 1982) .
We want to notice here that the heating treatment of Homand (1998) required to get away the water phase (105 • C during 48 h) might have damaged the structure of the core samples by creating microcracks. Such structural modifications were observed in similar conditions by Montes et al. (2004) at 50 • C using an environmental scanning electron microscope. This study also showed that a part of these modifications are irreversible, thus the COx clay-rocks never entirely recover their undisturbed properties even after a complete rewetting. Ghorbani et al. (2009) observed similar change in the microstructure for the COx clay-rock using spectral induced polarization measurements after exposing the core samples to different temperatures ranging from 70 to 105 • C.
Our assumption is that the presence of microcracks due to the heating phase and the dessication is responsible for a decrease of the value of m with respect to its nominal value for an undisturbed material. Indeed, as we explained in the previous section, m is related to the tortuosity of the porous material and m increase with the tortuosity: m=1.3 for a sand and m >2 for a consolidated rock. As microcracks provide shortcut to the fluid path, the tortuosity of the pore space decreases. Thus, the presence of microcracks formation explained the range of values of m.
In order to test further our model on these data parallel to the stratification, we performed two additional tests (Fig. 5) . First, we fixed m by taking the value of Revil et al. (2005) (m=1.95) and we optimized only n and λ S with the Simplex combined with a Monte-Carlo method (Test 2 in Fig. 5 ). We observed that R N increased by 2 orders of magnitude. The range of the values of n became wider (n ∈(1.57; 2.26)) and λ S increased (λ S ∈(2.78; 3.96) W K −1 m −1 ). The choice of m=1.95 is therefore not a good choice for the damaged clay-rock samples. Then, we performed a second test by taking n=2 and we optimized m and λ S (Test 3 in Fig. 5 ). We observed no important changes between these results and those obtained above by optimizing the three parameters m, n, and λ S (the mean of R N is 3.2×10 −3 , m ∈(1.37; 1.54) and λ S ∈(2.08; 3.07) W K −1 m −1 ). Therefore, the value of n=2 is a good default value. This value agrees with an independent work performed by Jougnot et al. (2010) using electrical resistivity measurements at various saturations (in the range 0.15-0.80) of undisturbed core samples from the COx formation. They found n in the range 1.8 to 2.0. We also compared the optimized values of the thermal conductivity of the solid phase from estimate using the mineral composition of the core samples (from Homand, 1998) . We observed a quite good correlation between the quartz fraction χ Qz and the thermal conductivity of the solid phase: λ S =11.0χ Qz −0.99 (R 2 =0.68, excluding EST2538, Fig. 6 ). We tried several classical averaging methods to determine λ S from the mineralogy but none was better than the previous fit. We also fitted the optimized λ S for measurements perpendicular to the stratification. We obtained λ S = 14.9χ Qz −2.63 (R 2 =0.81, excluding EST2538). Parallel to the stratification We also investigated the data reported by Homand (1998) for the direction perpendicular to the stratification (not shown here). In order to quantify the anisotropy of the clay-rock, we estimate the following mean ratio for the seven samples: m (//) /m (+) =0.926±0.115, n (//) /n (+) =1.015±0.106, and λ S(//) /λ S(+) =1.265±0.320 where the subscripts (//) and (+) corresponds to the parameter inverted for the data parallel and perpendicular with respect to the stratification, respectively. We observed no strong anisotropy for n, a small anisotropy for m, but clearly a strong anisotropy for λ S (see Fig. 7 ). The anisotropy of the solid phase is due to the fabric of the grains with preferential orientations in the plane of stratification. Therefore this preferential orientation dictates the anisotropy of the porous material in this case.
Conclusions
In the present work, we have extended the thermal conductivity model proposed by Revil (2000) to unsaturated conditions. The advantage of this model is to connect the effective thermal conductivity to the electrical Archie's exponents: m and n. The present work achieved the goal to reproduce fairly well the behaviour of the thermal conductivity with respect to the saturation using a differential effective medium approach and a generalized Archie's law. The value of n=2 can be used to interpret electrical resistivity data (or georadar data) of damaged clay-rocks in terms of thermal conductivity distribution. We may suppose that in undisturbed COx clayrocks m=2 (∼1.95) could be used and that m <2 would correspond to a fingerprint of the presence of microcracks due to desiccation. Using this approach, it seems possible to image non-intrusively the thermal conductivity of the formation using electrical methods. This will be the purpose of a future work to perform such an in situ test.
